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Abstract
In this note some structural properties of grand variable exponent Lebesgue/
Morrey spaces over spaces of homogeneous type are obtained. In particular, it
is proved that the closure of L∞ and the closure of Lp(·),λ(·) in grand variable
exponent Morrey space Lp(·),λ(·),θ coincide if the measure of the underlying space
is finite. Moreover, we get two different characterizations of this class. Further,
duality and preduality of grand variable exponent Lebesghue space defined on
quasi-metric measure spaces with σ-finite measure are obtained, which is new even
when µ is finite.
keywords Morrey spaces, Nakano spaces, Iwaniec-Sbordone space, Grand variable
exponent Morrey spaces, density, class of bounded functions, predual space and dual
space
2010 classification: 46B10, 46B26
1 Introduction
In recent years we realized that the classical function spaces are no longer appropri-
ate spaces when we attempt to consider a number of contemporary problems arising
naturally in many other branches in science such as non-linear elasticity theory, fluid
mechanics, image restoration, mathematical modelling of various physical phenomena,
solvability problems of non-linear partial differential equations and so on. It was evi-
dent that many such problems are naturally related to the problems with non-standard
local growth (see e.g., [1, 28, 31, 32, 36, 37] and references therein). It thus became
necessary to introduce and study some new function spaces from various viewpoints.
As examples of these spaces, we can list variable exponent spaces and grand func-
tion spaces. These spaces were intensively investigated by researchers in the last two
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decades. In this note we deal with grand variable exponent Morrey spaces (GVEMS
for short) Lp(·),λ(·),θ, where p(·) and λ(·) are variable parameters.
The study of function spaces with variable exponent has been a very active area of
research nowadays. The variable exponent Lebesgue space Lp(·) is a special case of this
class of functions, which was introduced by W. Orlicz in the 1930s and subsequently
generalized by I. Musielak and W. Orlicz. Later H. Nakano specified it in [24, 25].
For the mapping properties of operators in Harmonic Analysis in variable exponent
function spaces we refer to the monographs [4, 7, 18, 19] and the survey [13] as well as
references cited therein.
T. Iwaniec and C. Sbordone introduced grand Lebesgue spaces in the 1990s [15]
when they studied integrability of Jacobian under the minimal condition. In subsequent
years, quite a number of problems in Harmonic Analysis and the theory of non-linear
differential equations were studied in these spaces (see, e.g., the papers [8, 9, 10, 18, 19]).
Morrey spaces Lp,λ were introduced based on the work of C. Morrey in 1938 [23],
where Morrey studied regularity problems of solutions to partial differential equations,
and provided a useful tool in the regularity theory of PDE’s (for Morrey spaces we refer
to the books [11, 21]; see also [30] where an overview of various generalizations may be
found).
Grand Morrey spaces Lp),λ,θ were introduced by the first author in [22], where he
studied the boundedness of integral operators in these spaces.
In [29] the author considered the space Lp),λ,θ, where the authors “grandified” the
parameter λ as well. We mention also the paper [27] for the relevant results.
In this paper we work on a quasi-metric measure space (X, d, µ). In the first half of
this paper we assume that µ is a finite measure. Let Lp(·),λ(·),θ denote grand variable
exponent Morrey spaces (shortly GVEMS) over X. One of our aims is to characterize
classes of functions
[
L∞
]
Lp(·),λ(·),θ
and
[
Lp(·),λ(·)
]
Lp(·),λ(·),θ
which are respectively defined
to be the closure in Lp(·),λ(·),θ of classes L∞ and Lp(·),λ(·). Here Lp(·),λ(·) = Lp(·),λ(·),0 is
the variable Morrey space which having the second variable parameter λ. In particular
we show that these classes are the same and give two different characterizations of this
class. As a special cases we characterize
[
L∞
]
Lp(·),θ
and
[
Lp(·)
]
Lp(·),θ
for the grand
variable exponent Lebesgue space (shortly GVELS) Lp(·),θ. The space
[
Lp(·)
]
Lp(·),θ
was introduced in [17], where the authors studied the mapping properties of operators
of harmonic analysis in these spaces. Further, in this paper GVELS is introduced
over a measure space with σ-finite measure and its preduality/duality properties are
investigated.
2 Preliminaries
Let (X, d, µ) be a quasi-metric measure space. Recall that a quasi-metric d is a function
d : X ×X → [0,∞) which satisfies the following conditions:
(a) d(x, y) = 0 if and only if x = y.
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(b) For all x, y ∈ X, d(x, y) = d(y, x).
(c) There is a constant K > 0 such that d(x, y) ≤ K(d(x, z) + d(z, y)) for all
x, y, z ∈ X.
Let
dX := diam(X) := sup{d(x, y) : x, y ∈ X}
be the diameter of X. We denote by B(x, r) the ball with center x and radius r, i.e.,
B(x, r) := {y ∈ X : d(x, y) < r}.
We assume that µ
(
{x}
)
= 0 for all x ∈ X, and that µ(X) <∞ for the time being.
A measure µ is said to satisfy the doubling condition (µ ∈ DC(X)) if there is a constant
Dµ > 0 such that
µ(B(x, 2r)) ≤ Dµµ(B(x, r))
for every x ∈ X and r > 0.
The triple (X, d, µ) is called a quasi-metric measure space. If µ is doubling, then
(X, d, µ) is called a space of homogeneous type (shortly SHT).
We denote by P (X) the family of all real-valued µ-measurable functions p(·) on X
such that
1 < p− := p−(X) := inf{p(x) : x ∈ X}
and that
p+ := p+(X) := sup{p(x) : x ∈ X} <∞.
If E is a measurable set of X, then we use the notation:
p−(E) := inf{p(x) : x ∈ E}; p+(E) := sup{p(x) : x ∈ E}.
Let p(·) ∈ P (X). The Lebesgue space with variable exponent p(·), denoted by
Lp(·)(X) (or by Lp(x)(X)), is the class of all measurable µ-functions f on X for which
Sp(f) :=
∫
X
|f(x)|p(x)dµ(x) <∞.
The norm in Lp(·)(X) is defined as follows: Let f be a measurable function. Then
define
‖f‖Lp(·) = ‖f‖Lp(·)(X) = inf
{
λ > 0 : Sp
(
f
λ
)
≤ 1
}
.
It is known that Lp(·) is a Banach space (see, e.g., [20, 34]). Further, Ho¨lder’s
inequality holds in the following form:
∣∣∣∣∣
∫
X
f(x)g(x)dµ(x)
∣∣∣∣∣ ≤ (1 + 1p− − 1p+
)
‖f‖Lp(·)‖g‖Lp′(·) , p
′(·) =
p(·)
p(·)− 1
.
The following relation of Lp(·) spaces will be useful for us: for all p(·), q(·) ∈ P (X),
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‖f‖Lp(·) ≤
(
1 + µ(X)
)
‖f‖Lq(·) , f ∈ L
q(·), p(x) ≤ q(x). (1)
The next property of variable exponent Lebesgue space is important; see [26], for
example.
Proposition 2.1. Let 1 < p− ≤ p+ < ∞. Then the following relations between the
norm and modular of Lp(·) space hold:
‖f‖
p+
Lp(·)
≤ Sp(f) ≤ ‖f‖
p−
Lp(·)
, ‖f‖Lp(·) ≤ 1;
‖f‖
p−
Lp(·)
≤ Sp(f) ≤ ‖f‖
p+
Lp(·)
, ‖f‖Lp(·) ≥ 1.
Let P logµ (X) be the class of those exponents p(·) that satisfy the following log-
Ho¨lder condition: there exists a positive constant a such that for all x, y ∈ X with
µ(Bx,y) ≤ 2
−1,
|p(x)− p(y)| ≤
a
− ln(µ(Bx,y))
, (2)
where Bx,y := B(x, d(x, y)).
In the case when we deal with Ω ⊂ Rn and µ is the Lebesgue measure over Ω,
condition (2) reads as follows: there is a positive constant d such that for all x, y ∈ Ω
with |x− y| ≤ 2−1, then
|p(x)− p(y)| ≤
d
− ln |x− y|
. (3)
Let (X, d, µ) be an SHT. If r(·) ∈ P logµ (X), then the following Diening [6] type
estimate holds for the exponent r(·) (see [18], Chapter 4): there is a positive constant
A such that for all balls B ⊂ X and all x, y ∈ B, the following estimates hold:
µ(B)r−(B)−r+(B) ≤ A. (4)
µ(B)|r(x)−r(y)| ≤ A. (5)
It is known that the log-Ho¨lder continuity condition guarantees the boundedness of
operators in Harmonic Analysis over Lp(·) (see e.g. the monographs mentioned above
and references cited therein).
Let λ(·) be a µ-measurable function on X with values in [0, 1]. Suppose that
p(·) ∈ P (X). We define variable Morrey space Lp(·),λ(·) to be a collection of those
measurable f : X 7→ R for which the norm
‖f‖Lp(·),λ(·) = sup
x∈X, r∈(0,ℓ)
µ(B(x, r))
−λ(x)
p(x) ‖fχB(x,r)‖Lp(·)
is finite.
Variable exponent Morrey spaces were initially introduced in [2] over Euclidean
spaces and later in [16] over quasi-metric measure spaces. We refer the monograph
[19] (Chapter 13) and the survey [34] for the mapping and other properties of variable
exponent Morrey and Morrey-type spaces.
4
It is obvious that if λ ≡ 0, then Lp(·),λ(·) is a variable exponent Lebesgue spaces
Lp(·).
In this note we are interested in the grand variable exponent Morrey space Lp(·),λ(·),θ,
where λ(·) is a µ-measurable function on X with values in [0, 1], p(·) ∈ P (X) and θ > 0
is a fixed parameter. This space is defined by the norm:
‖f‖Lp(·),λ(·),θ
:= sup
0<c<p−−1
c
θ
p−−c
(
sup
x∈X, r∈(0,ℓ)
µ(B(x, r))
−λ(x)
p(x)−c ‖fχB(x,r)‖Lp(·)−c
)
= sup
0<c<p−−1
c
θ
p−−c ‖f‖Lp(·)−c,λ(·) ,
where ‖f‖Lp(·)−c,λ(·) is the variable Morrey space norm of f .
If p(·) and λ(·) belong to the class P logµ (X), then due to estimates (4) and (5) for
p(·) and λ(·), the norm ‖f‖Lp(·),λ(·),θ(X) is equivalent to
‖f‖Lp(·),λ(·),θ
≈ sup
0<c<p−−1
c
θ
p−−c
(
sup
x∈X, r∈(0,ℓ)
µ(B(x, r))
−
λ−(B)
p−(B)−c ‖fχB(x,r)‖Lp(·)−c
)
.
If λ(·) ≡ 0, then the space Lp(·),λ(·),θ ≡ Lp(·),0,θ coincides with the grand Lebesgue
space Lp(·),θ.
Let Ω be a bounded domain in Rn. Our spaces cover many classical spaces. If
λ(·) ≡ 0, p = pc = const, then L
p(·),λ(·),θ(Ω) is the grand Lebesgue space Lpc),θ(Ω)
introduced in [12]. We remark that Lp(·),λ(·),1(Ω) is the Iwaniec–Sbordone [15] space
Lpc)(Ω). The space Lpc)(Ω) naturally arises, for example, when studying integrability
problems of the Jacobian under minimal hypotheses (see [15]), while Lpc),θ(Ω) is related
to the investigation of the nonhomogeneous n-harmonic equation: div A(x,∇u) = µ
(see [12]). It is known (see e.g., [8]) that the space Lpc),θ(Ω) is non-reflexive and non-
separable.
By using embedding (1) we can check that the following properties hold for p(·) ∈
P (X):
Lp(·),λ(·) →֒ Lp(·),λ(·),θ →֒ Lp(·)−c,λ(·), 0 < c < p− − 1, θ > 0.
Having clarified the definition of the main function spaces, we move on to the
closed subspaces. Let us denote by
[
Lp(·),λ(·)
]
Lp(·),λ(·),θ
and
[
L∞
]
Lp(·),λ(·),θ
the closure
of Lp(·),λ(·) and L∞ in Lp(·),λ(·),θ, respectively.
3 Density of L∞ and Lp(·),λ(·) in Lp(·),λ(·),θ over finite measure
spaces
The following statement can be proved in the same way as the corresponding statement
for function spaces with constant exponent on domains in Rn (see [19, pp. 873-874])
but we give the proof for the sake of completeness.
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Proposition 3.1. Let (X, d, µ) be a finite quasi-metric measure space and let p(·) ∈
P (X). Suppose that θ > 0 and λ(·) ∈ [0, 1]. Then
lim
c→0
c
θ
p−−c ‖f‖Lp(·)−c,λ(·) = 0
for f ∈
[
Lp(·),λ(·)
]
Lp(·),λ(·),θ
.
Proof. Let f ∈
[
Lp(·),λ(·)
]
Lp(·),λ(·),θ
and let δ > 0. Then there exists fn0 ∈ L
p(·),λ(·) such
that
‖f − fn0‖Lp(·),λ(·),θ <
δ
2
.
Let 0 < c ≪ 1. Denote by Cp,λ,X the constant independent of c. For fn0 and δ,
embedding (1) yields that
c
θ
p−−c sup
x∈X, 0<r<dX
µ(B(x, r))
−
λ(x)
p(x)−c ‖fn0χB(x,r)‖Lp(·)−c
≤ Cp,λ,X c
θ
p−−c sup
x∈X,0<r<dX
µ(B(x, r))
−λ(x)
p(x) ‖fn0χB(x,r)‖Lp(·)
= Cp,λ,X c
θ
p−−c ‖fn0‖Lp(·),λ(·) <
δ
2
.
Taking now such an fn0 , we find that
c
θ
p−−c sup
x∈X, 0<r<dX
µ(B(x, r))
− λ(x)
p(x)−c ‖fχB(x,r)‖Lp(·)−c,θ
≤ c
θ
p−−c sup
x∈X, 0<r<dX
µ(B(x, r))
−
λ(x)
p(x)−c ‖(f − fn0)χB(x,r)‖Lp(·)−c,θ
+ c
θ
p−−c sup
x∈X, 0<r<dX
µ(B(x, r))
−
λ(x)
p(x)−c ‖fn0χB(x,r)‖Lp(·)−c,θ
≤ ‖f − fn0‖Lp(·),λ(·),θ + Cp,X,λ c
θ
p−−c‖fn0‖Lp(·),λ(·)
≤
δ
2
+ Cp,λ,X c
θ
p−−c ‖fn0‖Lp(·),λ(·) < δ.
Thus, we have the desired result.
The following statement for grand Lebesgue spaces with constant exponent was
proved in [35].
Proposition 3.2. Let (X, d, µ) be a finite quasi-metric measure space, p(·) ∈ P (X),
λ(·) ∈ [0, 1] and θ > 0. Then we have[
L∞
]
Lp(·),λ(·),θ
=
{
f ∈ Lp(·),λ(·),θ : lim
N→∞
∥∥χ{|f |>N}f∥∥Lp(·),λ(·),θ = 0} .
Proof. We follow the proof of [35, Lemma 3.7]. Let f ∈ Lp(·),λ(·),θ be such that
lim
N→∞
∥∥χ{|f |>N}f∥∥Lp(·),λ(·),θ = 0.
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For each N ∈ N, define fN := χ{|f |≤N}f . Then fN ∈ L
∞ and
‖f − fN‖Lp(·),λ(·),θ → 0
as N →∞. Thus, f ∈
[
L∞
]
Lp(·),λ(·),θ
.
Conversely, let f ∈
[
L∞
]
Lp(·),λ(·),θ
. For any δ > 0, choose g ∈ L∞ such that
‖f − g‖Lp(·),λ(·),θ < δ.
For every N ∈ N, we have∣∣χ{|f |>N}f ∣∣ ≤ |f − g| + ∣∣∣χ{|f |>N}∩{|g|≤N2 }g∣∣∣+ ∣∣∣χ{|g|>N2 }g∣∣∣ .
On the set {|f | > N} ∩ {|g| ≤ N2 }, we have
|g| ≤
N
2
<
|g|
2
≤
|f − g|
2
+
|g|
2
,
and hence, |g| ≤ |f − g|. Therefore, if N > 2‖g‖L∞ , we have∥∥χ{|f |>N}f∥∥Lp(·),λ(·),θ ≤ 2 ‖f − g‖Lp(·),λ(·),θ < 2δ. (6)
Thus, lim
N→∞
∥∥χ{|f |>N}f∥∥Lp(·),λ(·),θ = 0.
Let us define
L˜p(·),λ(·),θ := {f ∈ Lp(·),λ(·),θ : lim
c→0
c
θ
p−−c ‖f‖Lp(·)−c,λ(·),θ = 0},
L
p(·),λ(·),θ
:=
{
f ∈ Lp(·),λ(·),θ : lim
N→∞
∥∥χ{|f |>N}f∥∥Lp(·),λ(·),θ = 0} .
The main statement of this note reeds as follows:
Theorem 3.3. Let (X, d, µ) be an SHT with µ(X) <∞, and let p(·) ∈ P (X). Suppose
that p(·) ∈ P logµ (X), λ(·) ∈ [0, 1] and θ > 0. Then[
L∞
]
Lp(·),λ(·),θ
=
[
Lp(·),λ(·)
]
Lp(·),λ(·),θ
. (7)
Or equivalently,
L˜p(·),λ(·),θ = L
p(·),λ(·),θ
. (8)
Taking λ(·) = 0 in Theorem 3.3, we have the corresponding result for GVELS.
Corollary 3.4. Let p(·) ∈ P (X) and let (X, d, µ) be an SHT with µ(X) <∞. Suppose
that p(·) ∈ P logµ (X) and θ > 0. Then[
L∞
]
Lp(·),θ
=
[
Lp(·)
]
Lp(·),θ
. (9)
Or equivalently,
L˜p(·),θ = L
p(·),θ
. (10)
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Proof of Theorem 3.3. Since p ∈ P logµ (X) we have that (4) and (5) hold for r(·) =
1/p(·). Since µ(X) <∞, it can be checked that the embedding[
L∞
]
Lp(·),λ(·),θ
→֒
[
Lp(·),λ(·)
]
Lp(·),λ(·),θ
is valid. Further, by Proposition 3.1 we have that[
Lp(·),λ(·)
]
Lp(·),λ(·),θ
⊂ L˜p(·),λ(·),θ. (11)
Thus, it remains to show that
L˜p(·),λ(·),θ ⊂
[
L∞
]
Lp(·),λ(·),θ
. (12)
Indeed, let f ∈ L˜p(·),λ(·),θ. Take η > 0 arbitrarily. It is enough to find g ∈ L∞ such
that
sup
0<c<p−−1
c
θ
p−−c ‖f − g‖Lp(·)−c,λ(·) < η.
First since f ∈ L˜p(·),λ(·),θ, we can choose δ0 so that
sup
0<c<δ0
c
θ
p−−c ‖f‖Lp(·)−c,λ(·) ≤
η
2
.
Further, let us take g ∈ L∞ so that |g| + |f − g| = |f | and that
c
θ
p−−c ‖f − g‖Lp(·)−c,λ(·),θ ≤ C(p,X)(‖f − g‖L1 + ‖f − g‖Lp+ )c
θ
p−−c ≤
η
2
,
c ∈ (δ0, p− − 1), where the constant C(p,X) depends only on X and p(·).
The latter inequality follows from (4) and (5) for r(·) = 1/(p(·)−c) and the condition
λ(·) ∈ [0, 1]. Observe here that the constant A in (4) and (5) for r(·) = 1/(p(·) − c)
does not depend on c because the constant a in (2) for r(·) = 1/(p(·)−c) can be chosen
so that it will be independent of c.
Consequently, for all c ∈ (0, p− − 1) and such an g we find that
c
θ
p−−c ‖f − g‖Lp(·)−c,λ(·)
≤ sup
c˜∈(0,δ0)
c˜
θ
p−−c˜ ‖f‖Lp(·)−c˜,λ(·) + sup
c˜∈(δ0,p−−1)
c˜
θ
p−−c˜ ‖f − g‖Lp(·)−c˜,λ(·)
≤
η
2
+
η
2
= η.
Proposition 3.2 completes the proof of the theorem. ✷
4 Duality and Predualily in GVELS on σ-finite measure
spaces
Now we introduce grand variable exponent Lebesgue spaces (shortly GVELS) defined
on a measure space (X,Σ, µ) with a σ-finite µ measure which is not always finite. We
note that the definition of Lp(·) remains unchanged.
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Definition 4.1. Let p(·) ∈ P (X). Suppose that a < p−−1 and θ ∈ R. Then we define
‖f‖Lp(·),θ,a := ‖f‖Lp(·),θ,a ≡ sup
0<κ≤a
κ
θ
p−−κ ‖f‖Lp(·)−κ .
for a µ-measurable function f . Here, as before, κ is constant. The space Lp(·),κ,a
denotes the set of all f ∈ L1 + L∞ for which the norm ‖f‖Lp(·),θ;a is finite.
For the constant exponent p an alternative approach to define grand Lebesgue space
was given in [33].
Remark 4.2. In the previous definition it is not assumed that X is a finite measure
space. Here a is a parameter a ∈ (0, p− − 1).
We need also the following definition:
Definition 4.3. Let (X,Σ, µ) be a σ-finite measure space. Let p(·) be a variable
exponent satisfying 1 < p− ≤ p+ <∞, and let a < p− − 1 and θ ∈ R.
(i) A µ-measurable function b is said to be a (p(·), θ; a, κ) block if there exists κ ∈
(0, a] such that
‖b‖
L(p(·)−κ)
′ ≤ κ
θ
p−−κ .
(ii) The space Hp(·),θ;a is the set of all f ∈ L1+L∞ for which there exist {λj}
∞
j=1 ∈ ℓ
1
and a sequence {bj}
∞
j=1 of (p(·), θ; a, κj) blocks with κj ∈ (0, a] for which
f =
∞∑
j=1
λjbj
µ-a.e..
The norm of a function f ∈ Hp(·),θ;a is defined to be
‖f‖Hp(·),θ;a = inf

∞∑
j=1
|λj | : f =
∞∑
j=1
λjbj
 ,
where one considers the infimum over all admissible expressions.
In the sequel we denote by Y ∗ dual space of Y . We can identify that dual space of
Lp(·) with Lp
′(·) for p(·) ∈ P (X) (see e.g., [7, 34]).
The following proposition is an immediate consequence of the duality of Lp(·) and
Lp
′(·).
Proposition 4.4. Let (X,Σ, µ) be a σ-finite measure space, and let p(·) ∈ P (X),
a < p− − 1 and θ ∈ R.
(i) We have Lp(·),θ;a =
(
Hp(·),θ;a
)∗
with equivalence of norms. In particular, f ∈
Lp(·),θ;a induces a bounded linear functional Lf on H
p(·),θ;a and ‖f‖Lp(·),θ;a ∼
‖Lf‖(
Hp(·),θ;a
)∗, if f ∈ Lp(·),θ;a.
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(ii) Any bounded linear functional L on Hp(·),θ;a is realized as L = Lf for some
f ∈ Lp(·),θ;a.
Proof. Take f ∈ Lp(·),θ;a and a (p(·), θ; a, κ) block b. Then there is κ ∈ (0, a] such that
‖b‖
L(p(·)−κ)
′ ≤ κ
θ
p−−κ .
Hence by Ho¨lder’s inequality we have that∫
X
|b(x)f(x)|dµ(x) ≤ cp‖b‖L(p(·)−κ)′ ‖f‖Lp(·)−κ ≤ cpκ
θ
p−−1 ‖f‖Lp(·)−κ ≤ cp‖f‖Lp(·),θ;a.
Hence, Lp(·),θ;a ⊂
(
Hp(·),θ;a
)∗
.
To see that Lp(·),θ;a ⊃
(
Hp(·),θ;a
)∗
we take L ∈
(
Hp(·),θ;a
)∗
. Consider the mapping
ϕ ∈ L(p(·)−κ)
′
7→ Lϕ ∈ C. Then there exists gκ such that
‖gκ‖Lp(·)−κ ≤ C‖L‖Hp(·),θ;aκ
−θ
p−−κ
and
Lϕ =
∫
X
gκ(x)ϕ(x)dµ(x), ϕ ∈ L
(p(·)−κ)′ .
Since ∫
X
gκ(x)ϕ(x)dµ(x) =
∫
X
gκ†(x)ϕ(x)dµ(x) ϕ ∈ L
(p(·)−κ)′ ∩ L(p(·)−κ
†)′ ,
it thus follows that gκ = gκ† for 1 < κ, κ
† < p−−1. Hence, by considering {gκ}κ∈(1,p−−1)∩Q
we conclude that there is g ∈ Lp(·),θ;a such that
‖g‖Lp(·),θ;a ≤ C‖L‖Hp(·),θ;a.
Lemma 4.5. Let p(·) ∈ P (X), and let b be a (p(·), θ; a, κ) block. If l ∈ N satisfies
2−la ≤ κ ≤ 2−l+1a, then there exists a decomposition b = b1 + b2 of µ-measurable
functions b1, b2 such that
‖b1‖L(p(·)−2−la)′ ≤ A(2
−la)
θ
p−−2
−la ,
‖b2‖L(p(·)−2−l+1a)′ ≤ A(2
−l+1a)
θ
p−−2
−l+1a .
Here A is a universal constant depending on p(·).
Proof. We note that
L(p(·)−2
−la)′ ∩ L(p(·)−2
−l+1a)′ ≈
(
Lp(·)−2
−la + Lp(·)−2
−l+1a
)′
⊃
(
Lp(·)−κ
)′
⊃ L(p(·)−κ)
′
with the embedding constants independent of l. Thus, the result is immediate.
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Corollary 4.6. A function f ∈ L1 + L∞ belongs to Hp(·),θ;a if and only if there exist
{λ2−la}l∈N0 and {b2−la}l∈N0 for which
f =
∞∑
l=0
λ2−lab2−la
µ-a.e.. If this is the case, then one can arrange that
(2−la)
− θ
p−−2
−la ‖b2−la‖L(p(·)−2−la)′ ≤ 1
and that
∞∑
l=0
|λ2−la| ≤ A‖f‖Hp(·),θ;a
for some positive constant A.
We omit the detail of the proof of this corollary.
Proposition 4.7. The space Hp(·),θ;a enjoys with the Fatou property; if 0 ≤ f1 ≤ f2 ≤
· · · ≤ fj ≤ · · · is an increasing sequence of H
p(·),θ;a, which is bounded in Hp(·),θ;a, then
lim
j→∞
fj ∈ H
p(·),θ;a and
∥∥∥∥ limj→∞ fj
∥∥∥∥
Hp(·),θ;a
= lim
j→∞
‖fj‖Hp(·),θ;a .
Proof. We follow the idea of [14]. We may assume ‖fj‖Hp(·),θ;a < 1. By Corollary 4.6
we can find an expression of each fj;
fj =
∞∑
l=0
λj
2−la
bj
2−la
µ-a.e., where
(2−la)
θ
p−−2
−la ‖bj
2−la
‖
L(p(·)−2
−la)′ ≤ 1
and that
∞∑
l=0
|λj
2−la
| ≤ A‖fj‖Hp(·),θ;a .
Thanks to the weak compactness of L(p(·)−2
−la)′ for l ∈ N0, after we pass to a subse-
quence, we can assume that
lim
j→∞
bj
2−la
= b2−la
exists in the weak topology of L(p(·)−2
−la)′ for each l ∈ N0. Using the Weierstrass
theorem, we can assume that
lim
j→∞
λj
2−la
= λ2−la
exist. We set
f ≡
∞∑
l=0
λ2−lab2−la ∈ H
p(·),θ,a.
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To prove lim
j→∞
fj ∈ H
p(·),θ;a and
∥∥∥∥ limj→∞ fj
∥∥∥∥
Hp(·),θ;a
= lim
j→∞
‖fj‖Hp(·),θ;a, it suffices to
show that
f = lim
j→∞
fj
almost everywhere, because
lim inf
j→∞
∞∑
l=0
|λj
2−la
| ≥
∞∑
l=0
|λ2−la|
by the Fatou theorem. To this end, it suffices to show that∫
G
f(x) dµ(x) = lim
j→∞
∫
G
fj(x) dµ(x)
for any measurable set G with finite µ-measure, or equivalently,
∞∑
l=0
λj
2−la
∫
G
bj
2−la
(x) dµ(x)→
∞∑
l=0
λ2−la
∫
G
b2−la(x) dµ(x), (13)
since we know that χG ∈ L
p+ ∩ Lp− ⊂ Lp(·),θ;a.
We also know that ∣∣∣∣∫
G
bj
2−la
(x) dµ(x)
∣∣∣∣ . 2−lδ
for some δ > 0 by the Ho¨lder inequality with the constants independent of j and l and
λj
2−la
∫
G
bj
2−la
(x) dµ(x)→ λ2−la
∫
G
b2−la(x) dµ(x).
Thus, we are in the position of applying the Lebesgue convergence theorem to see that
(13) holds.
We define [Lp(·)]Lp(·),θ;a which is the closure of L
p(·) ∩ Lp−−a in Lp(·),θ;a. The in-
tersection with Lp−−a is taken because the space is defined on a set which might be
of infinite measure. This operation is necessary because Lp(·) is not always included
in [Lp(·)]Lp(·),θ;a. In fact in the case of constant exponent, L
p is included in Lp(·),θ;a if
and only if the underlying measure is finite. Now we will see that g induces a linear
functional Kg on L
p(·),θ;a and ‖g‖Hp(·),θ;a(X,µ) ∼ ‖Kg‖(Lp(·),θ;a)∗ , if g ∈ H
p(·),θ;a. In the
case µ(X) <∞ we will assume that [Lp(·)]Lp(·),θ,a is the closure of L
p(·) in Lp(·),θ,a.
Theorem 4.8. Suppose that µ is σ- finite. Let p(·) be a variable exponent satisfying
1 < p− ≤ p+ < ∞, and let 0 < a < p− − 1 and θ ∈ R. With norm equivalence, we
have
(
[Lp(·)]Lp(·),θ;a
)∗
= Hp(·),θ;a. More precisely, any bounded linear functional K on
[Lp(·)]Lp(·),θ;a is realized as K = Kg for some g ∈ H
p(·),θ;a.
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Proof. We prove the theorem for µ(X) = ∞. The proof for µ(X) < ∞ is similar.
Let K be a bounded linear functional on [Lp(·),θ]Lp(·),θ;a. Then the inclusion mapping
ι : Lp(·)∩Lp−−a →֒ [Lp(·)]Lp(·),θ;a induces a linear functional K ∈
(
Lp(·)
)∗
, so that there
exists g ∈ Lp
′(·) + L(p−−a)
′
such that
K(f) =
∫
X
f(x)g(x) dµ(x), f ∈ Lp(·), (14)
We need to show that g ∈ Hp(·),θ;a. We define
Kj(f) =
∫
Xj
f(x)χ{|g|≤j}(x)g(x) dµ(x), f ∈ L
p(·),
where {Xj} is an increasing sequence of finite measure sets. Since µ(Xj) < ∞, we
have χ{|g|≤j}∩Xjg ∈ H
p(·),θ;a(X,µ) and the norm is bounded by a constant multiple of
‖K‖ due to the Hahn-Banach theorem and the duality Hp(·),θ;a–Lp(·),θ;a. By the Fatou
property, we conclude that g ∈ Hp(·),θ;a. Thus, K = Kg since we can now assume that
f ∈ [Lp(·)]Lp(·),θ;a in (14).
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